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Figure 3: Placeholder Cluster lattice/term and symmetry fig

An alternative description in terms of a circuit description shows that the cluster state
is short range entangled. Consider the circuit UCZ comprised of controlled-Z gates between
all neighbouring qubits

UCZ “

π

u„v

CZpu,vq (38)

where the product of pairs u „ v is over all qubits that are neighbouring (each qubit is
neighbours with qubits on the boundary of its (dual) cell). One can confirm that

HX :“ UCZHCU
:
CZ “ ´

ÿ

�2P�2Y�2

Xp�
2

q. (39)

From this relation we see that the cluster state can be prepared from a product state with
the circuit UC, as

| Cy “ UCZ |`y

b|�2Y�2| , (40)

where |`y is the `1 eigenstate of Pauli X. Since UCZ can be represented by a constant depth
quantum circuit, the cluster state is short-range entangled. In the next section we identify a
global 1-form pZ

2

q

2 symmetry of the model and show that | Cy resides in a nontrivial SPT
phase at zero temperature with this symmetry.

3.3 1-form symmetry

The cluster state is a short-range entangled state and so in the absence of a symmetry it
belongs to the trivial phase. We introduce a pZ

2

q

2 1-form global symmetry of the model and
show that the cluster state is in a nontrivial SPT phase with this symmetry. Formally, we
have one copy of a Z

2

1-form symmetry for each sublattice, given by a unitary representation
S of the 2-boundary and dual 2-boundary groups given by

Spb
2

q :“ Xpb
2

q, Spb
2

q :“ Xpb
2

q, (41)

for any 2-boundary b
2

and dual 2-boundary b
2

. Any 2-boundary can be viewed as correspond-
ing to a closed surface M of the lattice. Then the 1-form symmetry can be loosely viewed as
being imposed by symmetry operators supported on qubits residing on closed surfaces M .
For example, elementary 1-form operator supported on 6 qubits on the surface of a single
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The pathway to quantum computation

What systems and materials are best suited for constructing large-scale 
coherent quantum devices?
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Quantum computers as a type of quantum order?

Magnetism Quantum computer
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Characteristics of a topological phase
What properties might be useful for quantum information?

Dissipationless coupling

Quantum code (memory)

Quantum gates via braiding

Gapped bulk (eg insulator) 
with protected gapless 

boundary modes
eg Topological Insulators

Protected ground state 
degeneracy

eg Haldane phase

Anomalous edge theories 
and exotic quasiparticles

(Majorana fermions, anyons)
eg Fractional Quantum Hall
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Two paths to topological quantum computing

Synthesise new 
materials with 

topological phases and 
anyonic excitations

Build high-fidelity qubits
and quantum gates

Develop control 
techniques to 

manipulate anyons and 
process information

Constructed topological 
codes out of these 
qubits and gates

TQFTs, Chern-Simons Spin lattice models
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Long-range localisable entanglement 
as symmetry-protected topological 
order
Else, Schwarz, Bartlett and Doherty
PRL 108, 240505 (2012)
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Measurement-based quantum computing

› Quantum computing can proceed through 
measurements rather than unitary evolution

› Uses a resource state such as the cluster 
state:  a universal circuit board

› Resource states can be:

o constructed with unitary gates
o the ground state of a coupled 

quantum many-body system
Raussendorf and Briegel, PRL (2001) 

Computational properties = properties of states
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Q:  What properties of a state are needed for MBQC?

Resource states for MBQC

– There are a handful of proposed resource states

– Many have a natural interpretation as ground states of a local Hamiltonian
– Can we identify the properties of a system that allow for MBQC as a form of robust 

quantum order?

Raussendorf and Briegel Raussendorf et al. Wei, Affleck, Raussendorf
Miyake

X. Chen et al.
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Symmetry-protected topological order & MBQC

Quantum memories
– Ground state of the toric code (a local 

stabilizer Hamiltonian) is a quantum 
memory

– Robust to local perturbations
– Topological order = quantum memory

Measurement-based QC
– Ground state of the AKLT model (a local 

Hamiltonian) is a resource for quantum 
computation

– Robust to symmetric local perturbations
– SPT order = MBQC resource

Symmetry-protected topological order
– (Restricted form of) topological order protects 

quantum information
– Symmetry-adapted measurements induce logic 

gates
– Can identify families of MBQC resource states even 

without an analytical description of the ground state
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Example:  Processing q. info in the Haldane phase

– Haldane conjecture (1983): ground state properties of Heisenberg spin 
chains depend on the spin.  Integer spin antiferromagnets are gapped.

– AKLT state (1987):  solution for a spin-1 Heisenberg chain with a gap.

– Ground state:
– Degenerate on open boundary conditions
– Fractionalized spin-1/2 edge modes associated with the boundary
– Canonical example of nontrivial SPT phase

HAKLT = J
P

j

⇥
Sj · Sj+1 +

1
3 (Sj · Sj+1)2

⇤

Gu and Wen (2009)
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AKLT model in quantum computation:  a qubit wire

Q:  What are the essential 
properties of a qubit wire?

M M M M M M M M

Measurement:  project into basis

|mi = |Sm = 0i, m = x, y, z

Maximally entangled (Bell) state

Brennen and Miyake (2008)
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Ground state as a tensor network state

Efficient representations of ground states of 1D gapped systems
Natural language for ground-state quantum computation

Goal:
Characterise properties of tensors, in terms of 
their symmetry, that make a good qubit wire

tensor network state:  a finitely correlated state (Fannes et al) or matrix product state

A A A A A AL RAA

A(i)
mn

i
m n

3 leg tensor

index for basis of spin-1 particle

m,n = 1, 2
‘virtual’ index - contracted

i = 1, 2, 3
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Ground state as a tensor network state

1

AKLT model possesses 
a symmetry:

Tensors can carry a nontrivial gauge 
representation of this group

For the cluster model,
is a projective representation: the 
Pauli group 

Z2 ⇥ Z2
A

Ug

ATg T�1
g

=
T(0,0) = I

T(0,1) = X

T(1,0) = Z

T(1,1) = Y

Tg

tensor network state (matrix product state)

A A A A A AL RAA
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Maximally noncommutative projective representations 

1

Maximally noncommutative:
This projective representation has a special 
property: a trivial ‘projective centre’

This gives:
1. a unique projective rep
2. an isomorphism between group elements 

and states in a basis

A

Ug

ATg T�1
g

=
T(0,0) = I

T(0,1) = X

T(1,0) = Z

T(1,1) = Y

tensor network state (matrix product state)

A A A A A AL RAA
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Symmetry protected topological phases

– Symmetry-respecting perturbations alter the ground 
state, but cannot alter the group cohomology

– Second cohomology class of symmetry group labels 
distinct quantum phases – SPT phases

H = H0 + �V

Chen, Gu, Wen, PRB (2011)

Ground state with Pauli gauge representation

Ph
as

e 
tra

ns
iti

on
Ug

=
A(�) A(�)Tg(�) T�1

g (�)

A A A A A AL RAA

Nontrivial SPT

Ug
=

Ground state with trivial representation

Trivial SPT
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› Qubit encoding and basic logical gates are 
robust properties of an entire SPT phase

› No need for precise gate timings or detailed 
microscopic control

Cluster

AKLT

Product state

Trivial 
phase

‘Haldane’ 
phase

Spin-1 
Heisenberg

Spin-1 
ferromagnet

Symmetry-protected topological order

- (Restricted form of) topological order protects quantum info
- Symmetry-breaking measurements induce logic gates
- Can indentify families of quantum materials even without an 
analytical description of the ground state
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Thermal SPT

Sam Roberts (Sydney)
Beni Yoshida (Perimeter)
Alex Kubica (Caltech)
Stephen Bartlett

CA B

Figure 10: Schematic for LE

• Conjecture: LABp⇢q for the thermal cluster state (with error correction) should be
equal to the expectation values of membrane operators.

LABp⇢q “ pxMp�
1

qy⇢1
` xMp�

2

q⇢1
yq{2, (78)

where ⇢1 is ⇢ after error correction. In the absence of error correction, this would be
zero for T°0.

5 Discussion

6 Additional things to include/questions

Things in red = already discussed or want to make sure it was briefly discussed.
Things in blue = maybe briefly in the discussion?

• Discussion of what the operational properties of thermal SPT are, in comparison to
the topologically ordered case/what are the operational consequences of the definition?
In the (intrinsic) topologically ordered case, Hastings relates the definition to error
correction in the 4D toric code. Here we consider an operational feature of localisable
entanglement, although this appears to not be a general feature of SPTs in higher
dimensions.

• Can we pin down a relation between SPT phase transition, thermal phase transition
and a transition in localisable entanglement. This goes in the discussion at the end of
localisable entanglement.

• Comparison to error correction, ine�ciency of the error correction protocol (I.e the
symmetric model critical temperature upper bounds the threshold temperature for
error correction). - Localisable entanglement section.

• Conjecture: SPT order disappears exactly when the localisable entanglement disap-
pears. We can prove LE disappears, but not that the SPT order does at Ising gauge
critical temperature.

• Can the SPT trivial at T°0 arguments be applied to 2D SETs with onsite symmetry?

24
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Can SPT survive at nonzero temperature

H(�) = H � �
X

g2G

S(g)

⇢ = lim
�!1

⇢(�)

⇢(�) =
1

Z(�)
e��H(�)

Symmetric thermal state

where

Coupling to (non-symmetric) thermal bath, with symmetric system operators
Note:
– We don’t have good topological models in 2 or 3 spatial dimensions that 

retain their topological order at nonzero temperature
– 4D toric code has a thermally ordered topological phase:  self-correction

Brown, Loss, Pachos, Self, Wootton (2016)

Dennis, Kitaev, Landahl, Preskill (2002)
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No thermal SPT with on-site global symmetry

Proof sketch (following similar result for topological order):
– Construct approximate thermal state by removing terms from Hamiltonian
– Missing terms act as sinks, where point-like excitations can be 

created/destroyed
– Dividing the lattice into a grid, the sinks can be used to construct a 

symmetric disentangler

CZ

CZ

CZ

CZ

CZ

CZ

Xv

(a) (b)

Figure 1: (a) The triangular lattice and one of the terms hv belonging to H
1

. (b) Placeholder
for dividing the lattice into a grid.

ensemble, obtained by removing terms from the Hamiltonian. These removed terms act as
sinks where point-like excitations of an SPT can be created and destroyed. By dividing up
the lattice into a grid we can use these sinks to construct a symmetric disentangler. The
existence of these point-like excitations will be an essential ingredient to prove the theorem4,
and this leaves open the possibility of thermal SPT order in the presence of higher-form
symmetries which we investigate in the next section.

Theorem 2.3. Let H be a Hamiltonian in d dimensions with an SPT ordered ground state
protected by an onsite symmetry G. For temperature T°0, the symmetric Gibbs state ⇢p�q

of H is pOplog↵pNqq, ✏q-SPT trivial, where ✏ “ 1{polypLq and ↵ is constant.

The example 2D model we consider was first discussed in [3] and will capture the key
ingredients used to prove the general case. Consider a triangular lattice with vertices, edges
and faces labelled by �

0

, �
1

, and �
2

respectively. On each vertex v P �
0

resides a qubit as
in Fig. 1a, and let N “ |�

0

| be the number of qubits. Consider first the trivial paramagnet

H
0

“ ´

ÿ

vP�0

Xv, (7)

where Xv is the Pauli X operator acting on the qubit at site v. The unique, gapped ground
state of this model is the trivial product state | 

0

y “ |`y

bN , where |`y “

1?
2

p|0y ` |1yq. The
Hamiltonian, and thus the unique ground state, possess an onsite Z

2

symmetry generated
by S “

±
vP�0

Xv. In order to define a model with the same symmetry, but belonging to an
SPT nontrivial phase, consider first the controlled-Z operator acting on two qubits sharing
an edge e “ pv

1

, v
2

q

CZe “ exp

ˆ
i⇡

4
p1 ´ Zv1qp1 ´ Zv2q

˙
. (8)

The nontrivial model5 can be constructed from these operators as a sum of local terms

H
1

“ ´

ÿ

vP�0

hv, hv “ Xv

π

ePLink1pvq
CZe, (9)

4
as it also is in the topologically ordered case [19, 20]

5
Note that H1 is slightly di↵erent to the one written in [3], but they are equivalent up to a constant depth

quantum circuit with symmetric gates.

5

Hastings (2011)
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Long-range quantum entanglement in noisy cluster states

Robert Raussendorf, Sergey Bravyi and Jim Harrington1

1California Institute of Technology,
Institute for Quantum Information, Pasadena, CA 91125, USA

(Dated: February 9, 2008)

We describe a phase transition for long-range entanglement in a three-dimensional cluster state
affected by noise. The partially decohered state is modeled by the thermal state of a short-range
translation-invariant Hamiltonian. We find that the temperature at which the entanglement length
changes from infinite to finite is nonzero. We give an upper and lower bound to this transition
temperature.

PACS numbers: 3.67.Lx, 3.67.-a

I. INTRODUCTION

Nonlocality is an essential feature of quantum mechan-
ics, put to the test by the famous Bell inequalities [1] and
verified in a series of experiments, see e.g. [2]. Entangle-
ment [3] is an embodiment of this nonlocality which has
become a central notion in quantum information theory.

In realistic physical systems, decoherence represents
a formidable but surmountable obstacle to the creation
of entanglement among far distant particles. Devices
such as quantum repeaters [4] and fault-tolerant quan-
tum computers are being envisioned in which the en-
tanglement length [5, 6] is infinite, provided the noise
is below a critical level. Here we are interested in the
question of whether an infinite entanglement length can
also be found in spin chains with a short-range inter-
action that are subjected to noise. A prerequisite for
our investigation is the existence of systems with infi-
nite entanglement length at zero temperature. An exam-
ple of such behavior has been discovered by Verstraete,
Mart́in-Delgado, and Cirac [7] with spin-1 chains in the
AKLT-model [8], and by Pachos and Plenio with cluster
Hamiltonians [9]; see also [10]. In this paper, we study
the case of finite temperature. We present a short-range,
translation-invariant Hamiltonian for which the entangle-
ment length remains infinite until a critical temperature
Tc is reached. The system we consider is a thermal cluster
state in three dimensions. We show that the transition
from infinite to finite entanglement length occurs in the
interval 0.30 ∆ ≤ Tc ≤ 1.15 ∆, with ∆ being the energy
gap of the Hamiltonian.

We consider a simple 3D cubic lattice C with one spin-
1/2 particle (qubit) living at each vertex of the lattice.
Let Xu, Yu, and Zu be the Pauli operators acting on the
spin at a vertex u ∈ C. The model Hamiltonian is

H = −
∆

2

!

u∈C

Ku, Ku = Xu

"

v∈neigh (u)

Zv. (1)

Here neigh (u) is a set of nearest neighbors of vertex
u. The ground state of H obeys eigenvalue equations
Ku|φ⟩C = |φ⟩C and coincides with a cluster state [11].

We define a thermal cluster state at a temperature T as

ρCS =
1

Z
exp (−βH), (2)

where Z = Tr e−βH is a partition function and β ≡ T−1.
Since all terms in H commute, one can easily get

ρCS =
1

2|C|

"

u∈C

(I + tanh (β∆/2) Ku) . (3)

Let A, B ⊂ C be two distant regions on the lattice. Our
goal is to create as much entanglement between A and B
as possible by doing local measurements on all spins not
belonging to A ∪B. Denote α as the list of all outcomes
obtained in these measurements and ρAB

α
as the state of

A and B conditioned on the outcomes α. Let E[ρ] be
some measure of bipartite entanglement. Following [5]
we define the localizable entanglement between A and B
as

E(A, B) = max
!

α

pα E[ρAB

α
], (4)

where pα is a probability to observe the outcome α and
the maximum is taken over all possible patterns of lo-
cal measurements. To specify the entanglement measure
E[ρ] it is useful to regard ρAB

α
as an encoded two-qubit

state with the first logical qubit residing in A and the
second in B. We choose E[ρ] as the maximum amount of
two-qubit entanglement (as measured by entanglement of
formation) contained in ρ. Thus 0 ≤ E(A, B) ≤ 1 and an
equality E(A, B) = 1 implies that a perfect Bell pair can
be created between A and B. Conversely, E(A, B) = 0
implies that any choice of a measurement pattern pro-
duces a separable state.

In this paper we consider a finite 3D cluster

C = {u = (u1, u2, u3) : 1 ≤ u1, u2 + 1 ≤ l; 1 ≤ u3 ≤ d}

and choose a pair of opposite 2D faces as A and B:

A = {u ∈ C : u3 = 1}, B = {u ∈ C : u3 = d},

so that the separation between the two regions is d − 1.
In Section II we show that [21]

lim
l,d→∞

E(A, B) = 1 for T < 0.30 ∆.
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I. INTRODUCTION

Nonlocality is an essential feature of quantum mechan-
ics, put to the test by the famous Bell inequalities [1] and
verified in a series of experiments, see e.g. [2]. Entangle-
ment [3] is an embodiment of this nonlocality which has
become a central notion in quantum information theory.

In realistic physical systems, decoherence represents
a formidable but surmountable obstacle to the creation
of entanglement among far distant particles. Devices
such as quantum repeaters [4] and fault-tolerant quan-
tum computers are being envisioned in which the en-
tanglement length [5, 6] is infinite, provided the noise
is below a critical level. Here we are interested in the
question of whether an infinite entanglement length can
also be found in spin chains with a short-range inter-
action that are subjected to noise. A prerequisite for
our investigation is the existence of systems with infi-
nite entanglement length at zero temperature. An exam-
ple of such behavior has been discovered by Verstraete,
Mart́in-Delgado, and Cirac [7] with spin-1 chains in the
AKLT-model [8], and by Pachos and Plenio with cluster
Hamiltonians [9]; see also [10]. In this paper, we study
the case of finite temperature. We present a short-range,
translation-invariant Hamiltonian for which the entangle-
ment length remains infinite until a critical temperature
Tc is reached. The system we consider is a thermal cluster
state in three dimensions. We show that the transition
from infinite to finite entanglement length occurs in the
interval 0.30 ∆ ≤ Tc ≤ 1.15 ∆, with ∆ being the energy
gap of the Hamiltonian.

We consider a simple 3D cubic lattice C with one spin-
1/2 particle (qubit) living at each vertex of the lattice.
Let Xu, Yu, and Zu be the Pauli operators acting on the
spin at a vertex u ∈ C. The model Hamiltonian is

H = −
∆

2

!

u∈C

Ku, Ku = Xu

"

v∈neigh (u)

Zv. (1)

Here neigh (u) is a set of nearest neighbors of vertex
u. The ground state of H obeys eigenvalue equations
Ku|φ⟩C = |φ⟩C and coincides with a cluster state [11].

We define a thermal cluster state at a temperature T as

ρCS =
1

Z
exp (−βH), (2)

where Z = Tr e−βH is a partition function and β ≡ T−1.
Since all terms in H commute, one can easily get

ρCS =
1

2|C|

"

u∈C

(I + tanh (β∆/2) Ku) . (3)

Let A, B ⊂ C be two distant regions on the lattice. Our
goal is to create as much entanglement between A and B
as possible by doing local measurements on all spins not
belonging to A ∪B. Denote α as the list of all outcomes
obtained in these measurements and ρAB

α
as the state of

A and B conditioned on the outcomes α. Let E[ρ] be
some measure of bipartite entanglement. Following [5]
we define the localizable entanglement between A and B
as

E(A, B) = max
!

α

pα E[ρAB

α
], (4)

where pα is a probability to observe the outcome α and
the maximum is taken over all possible patterns of lo-
cal measurements. To specify the entanglement measure
E[ρ] it is useful to regard ρAB

α
as an encoded two-qubit

state with the first logical qubit residing in A and the
second in B. We choose E[ρ] as the maximum amount of
two-qubit entanglement (as measured by entanglement of
formation) contained in ρ. Thus 0 ≤ E(A, B) ≤ 1 and an
equality E(A, B) = 1 implies that a perfect Bell pair can
be created between A and B. Conversely, E(A, B) = 0
implies that any choice of a measurement pattern pro-
duces a separable state.

In this paper we consider a finite 3D cluster

C = {u = (u1, u2, u3) : 1 ≤ u1, u2 + 1 ≤ l; 1 ≤ u3 ≤ d}

and choose a pair of opposite 2D faces as A and B:

A = {u ∈ C : u3 = 1}, B = {u ∈ C : u3 = d},

so that the separation between the two regions is d − 1.
In Section II we show that [21]

lim
l,d→∞

E(A, B) = 1 for T < 0.30 ∆.

3

tices. The planar code lattice is distinct from the cluster
lattice C; see Figs. 1,2.

u3

u2

u1
d1 1

l
0

To

−1l

u3

u2

u1
d1 1

l
0

eT

−1l

FIG. 2: (color online) The measurement pattern on the clus-
ter C. The sublattices Te and To are displayed (thick lines).
For reference, the cluster lattice is also shown (thin lines) and
the axis labeling shows the cluster coordinates. Cluster qubits
measured in the Z-basis (on the sites of To and Te) are dis-
played in black, and qubits measured in the X-basis (on the
edges of To and Te) are displayed in gray (red). The large
circles to left and to the right denote the unmeasured qubits
which form the encoded Bell pair. The measurement pattern
has a bcc symmetry.

From the equation
!

v∈neigh(u) Kv |φ⟩C = |φ⟩C , for u =
(o, o, 1), we obtain

XS,u|ψ⟩LR = λS,u|ψ⟩LR, ∀ u = (o, o, 1), (8)

where XS,u =
"

v∈neigh(u)∩L Xv coincides with a site (x-
type) stabilizer operator for the planar code [13], and
λS,u = x(u1,u2,2)zu

!

v∈neigho(u) zv, where neigho refers to
a neighborhood relation on the sublattice To. The code
stabilizer operators in Eq. (7) and (8) are algebraically
independent. There are (l2 − 1)/2 code stabilizer gener-
ators for (l2 + 1)/2 unmeasured qubits, such that there
exists one encoded qubit on L. By direct analogy, there
is also one encoded qubit located on R.

Next, we show that |ψ⟩LR is an eigenstate of XLXR

and ZLZR, where X and Z are the encoded Pauli op-
erators X and Z, respectively, i.e. |ψ⟩LR is an encoded
Bell pair. The encoded Pauli operators [13] on L and
R are XL[R] =

"

u1 odd
X(u1,u2,1[d]) for any even u2, and

u3

u2

u1
d1 1

l
0

To error cyclenontrivial error cycletrivial

−1l

FIG. 3: (color online) A homologically nontrivial and a ho-
mologically trivial error cycle on the lattice To. The nontriv-
ial error cycle stretches from one rough face to the opposite
one while the trivial error has both ends on the same face.
Only the qubits belonging to To are shown and the qubits im-
portant for establishing the XAXB-correlation are displayed
enlarged.

ZL[R] =
"

u2 even
Z(u1,u2,1[d]) for any odd u1. To derive the

Bell-correlations of |ψ⟩LR let us introduce 2D slices

T (u2)
XX = {u = (o, u2, o) ∈ C} ⊂ To,

T (u1)
ZZ = {u = (u1, e, e) ∈ C} ⊂ Te.

The eigenvalue equation
!

v∈T
(u2)
XX

Kv |φ⟩C = |φ⟩C with

even u2 implies for the reduced state

XLXR |ψ⟩LR = λXX |ψ⟩LR, (9)

with λXX =
!

v∈T
(u2+1)
XX

∪T
(u2−1)
XX

zv

!

v∈T
(u2)
XX

\(L∪R)
xv.

Here and thereafter it is understood that xu = zu = 1
for all u ̸∈ C. Similarly, from |φ⟩C =

!

v∈T
(u1)
ZZ

Kv |φ⟩C ,

for u1 odd, we obtain for the reduced state

ZLZR |ψ⟩LR = λZZ |ψ⟩LR, (10)

with λZZ =
!

v∈T
(u1+1)
ZZ

∪T
(u1−1)
ZZ

zv

!

v∈T
(u1)
ZZ

xv. Thus the

eigenvalue Eqs. (7-10) show that the measurement pat-
tern of Eq. (6) projects the initial perfect cluster state
into a state equivalent under local unitaries to the Bell
pair, with each qubit encoded by the planar code.

It is crucial that the measurement outcomes {zu} and
{xv} are not completely independent. Indeed, for any
vertex u ∈ To with 1 < u3 < d the eigenvalue equation
!

v∈neigh(u) Kv |φ⟩C = |φ⟩C implies the constraint

#

v∈neigh(u)

xv ·
#

w∈neigho(u)

zw = 1. (11)

Analogously, for any vertex u ∈ Te one has a constraint

#

v∈neigh(u)

xv ·
#

w∈neighe(u)

zw = 1, (12)
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Global 1-form symmetry

– Natural generalisation of on-site (0-form) 
symmetry

– Global q-form symmetry acts as 
on a closed q-codimension manifold

– Charged excitations have dimension q
– Symmetries impose conservation laws on 

higher-dimensional charged objects

– Global 1-form symmetry:  loop-like 
excitations that can be confined

Z

Z Z

Z

ZZ

ZZ

ZZ

ZZ

XXX

(a)

XX

XX XX

XX

XX

XX

XX

XX XX

XX

XX

XX

(b)

Figure 3: Placeholder Cluster lattice/term and symmetry fig

An alternative description in terms of a circuit description shows that the cluster state
is short range entangled. Consider the circuit UCZ comprised of controlled-Z gates between
all neighbouring qubits

UCZ “

π

u„v

CZpu,vq (38)

where the product of pairs u „ v is over all qubits that are neighbouring (each qubit is
neighbours with qubits on the boundary of its (dual) cell). One can confirm that

HX :“ UCZHCU
:
CZ “ ´

ÿ

�2P�2Y�2

Xp�
2

q. (39)

From this relation we see that the cluster state can be prepared from a product state with
the circuit UC, as

| Cy “ UCZ |`y

b|�2Y�2| , (40)

where |`y is the `1 eigenstate of Pauli X. Since UCZ can be represented by a constant depth
quantum circuit, the cluster state is short-range entangled. In the next section we identify a
global 1-form pZ

2

q

2 symmetry of the model and show that | Cy resides in a nontrivial SPT
phase at zero temperature with this symmetry.

3.3 1-form symmetry

The cluster state is a short-range entangled state and so in the absence of a symmetry it
belongs to the trivial phase. We introduce a pZ

2

q

2 1-form global symmetry of the model and
show that the cluster state is in a nontrivial SPT phase with this symmetry. Formally, we
have one copy of a Z

2

1-form symmetry for each sublattice, given by a unitary representation
S of the 2-boundary and dual 2-boundary groups given by

Spb
2

q :“ Xpb
2

q, Spb
2

q :“ Xpb
2

q, (41)

for any 2-boundary b
2

and dual 2-boundary b
2

. Any 2-boundary can be viewed as correspond-
ing to a closed surface M of the lattice. Then the 1-form symmetry can be loosely viewed as
being imposed by symmetry operators supported on qubits residing on closed surfaces M .
For example, elementary 1-form operator supported on 6 qubits on the surface of a single

12

Ug(M)
M

Baez and Huerta (2010)
Kapustin and Thorngren (2013)
Kapustin and Seiberg (2014)
Giaotto, Kapustin, Seiberg, and Willett (2015)
Yoshida (2015)
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Thermal SPT argument from gauging

4D toric

gauge unfold
Z2 x Z2

trivial

1D SPT
twisted 

boundary

Z2 x Z2

toric code
toric code toric code

Z2 Z2

domain wall

e

m

m

e

4D trivial

Z2 x Z2

3D RBH

Z2

4D toric

Z2

e

m

m

e

3D domain wall

Figure 5: Schematic for domain wall argument

• � is a locality preserving and can be made to be gap preserving.

Since for any gapped, symmetric path of Hamiltonians Hpsq, �pHpsqq defines a gapped path
of gauge symmetric Hamiltonians, it follows that the Z 2

2

1-form cluster model has nontrivial
SPT order (as the gauged cluster model belongs to a SRE phase, while the toric code has
topological order). One can also physically argue nontriviality via the boundary theory.
Symmetry operators act like the toric code Hamiltonian terms, so the simplest symmetry
respecting boundary theory is topologically ordered.

3.5 Gapped domain wall at nonzero temperature - incomplete

Here goes Beni’s argument based on 4D toric code braiding stability and gapped domain
wall.

Despite the fact that SPT order protected by an onsite symmetry does not survive at
nonzero temperature, we now demonstrate that the SPT order protected by this 1-form sym-
metry survives at nonzero temperature. The SPT order can be detected by a group of mem-
brane operators whose expectation values serve as order parameters. We will subsequently
show that these operators appear in the analysis of localisable entanglement, establishing an
operational feature of the SPT order.

3.6 Thermal state - incomplete

This section gives Gibbs state and shows that it is dual to Ising gauge theory. Let us discuss
the symmetric Gibbs state of HC. In the presence of the 1-form global symmetry, excitations
of the cluster Hamiltonian take the form of 1-dimensional, loop-like objects, which can be
seen as follows. In order to preserve the symmetry, one can apply a closed loop of Pauli Z
operators on the cluster state. Consider the operator Zp�q for any dual 1-cycle � P Z

1

pC,Z
2

q

15

Levin and Gu (2012)
Yoshida (2015)
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Localisable entanglement in thermal SPT phaseLocalisable entanglement
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X

xX
A

X
B

y “ xZ
A

Z
B

y “ ˘1

Measurement on the boundary induces surface code encoding:

ùñ

Works at low temperature with error correction!

1. Is this property be robust to perturbations?

2. What is the order giving rise to this thermal stability?

– AKLT ‘string’ order parameters become membranes
– Fractionalized edge modes:  Z2 x Z2 toric codes
– Confinement of strings at low temperatures

Nonzero Temperature

§ Homologically nontrivial loops intersect the symmetry
operator once.

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

/

§ Error if and only if homologically nontrivial cycle.

TrpSpgq⇢

1
q “ 1 ñ Probp�

nontriv

q Ñ 0
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Enforcing 1-form symmetries through error correction

Error correction Ñ e↵ective symmetry.

We want to understand the RBH result. In the absence of a
symmetry

⇢p�q “

1

Z expp´�Hq

is equivalent to applying local Z errors to the cluster state with
probability p “ p1 ` expp2�qq

´1

Error correction Ñ e↵ective symmetry.
We could use error correction.

1. Measure 1-form operators giving us information about the
boundaries of error chains.

2. The recovery is equivalent to decoding 2D toric code with
faulty measurements.

§ Error correction 0.6 § T
c

§ 2.3.

§ Ising gauge critical temperature T
c

« 1.3

Error correction ùñ preparation of a nontrivial SPT state

– Local measurements also provide syndrome information to detect violations 
of 1-form symmetries – error correction

– Error correction success threshold set by phase transition in 3D random-
plaquette gauge Ising model Dennis, Kitaev, Landahl, Preskill (2002)
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Thermal SPT and long-range localizable entanglement

– Long-range localizable entanglement: an operational SPT order parameter
– Quantum computation robust to symmetric perturbations

– No thermal SPT with global on-site symmetry
– Generalized global (1-form) symmetry can give thermal stability
– Long-range localizable entanglement can persist at nonzero temperature

– Error correction can yield effective 1-form symmetries
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Topological materials and synthetic quantum systems:
the substrates for quantum computing

The pathway to quantum computing


