\ockor loundles omd  dhara checistiC
classes.

A vector wndfe over 0 wiani £old
consisls of a amtinvously vamdino(y
\Qum(% ol wedor spaces ot each pa?mL.

Del. A wvector bumdl s o nomifold

—

TE — X sudr $hat

) The Lilores Ex=T 060 hove Ha Shruckum
of o vedor spuce.

(?) For each «xe X) +hore exIG}s Gn OF%

wei%hborlnnocl U of x 400};2#\1?; wikh



o diffe 0W0r)oM) S

F: B =) — U x K™

Hhak s an isomorplusim of veckor Spaces
W WShickd to eadh Eiber .

Heeo k€ ilR,(CE/ omd wm 1S the dimonsioy
or Y;;W_"_Jﬁ of E (4 s necegmn'hﬁ
{0cw(/{(€> C0n5+0wr{) L0, constord on ench
Covnpaw%{’ . and sow1himes neo)a}reo! to

be constomt @labawé]
of. A sechon of a vector bundl

P

€ s a swoeoth ma p w:X—E
such vk Tou =idx.

b other words | ag;}ay;g o each ;ﬂol"#’
o wchor ove s pa/'nf.



OHher W@‘a of drolw;w% ”H/);MSS:

.S( x}

Dol A vecor buide is Frvial if
i+ has a @‘OW Hoviaisotion .

In s case, we (o Cind m=rR(E)

(A'V)BN% inapé’pme/ wow\/anisb}v%,

sechons. Tns coam @ used +o {oor

ervmwvn.



Ex. The W%f buvidls of a manfl

covsists  of e lechom of Hs WCW%J'
vechors -

TX = 5£(><,\/) \ Xe?() VeTxX?.

Teowd Bons fhis are sevecld Hasor
oumdles, swh as End (TM), NTH ..

Bx. (07 The Hongt bmdle of S

Ths |5 not @)oba% —)'Y')v?ml) N b@- e
%jy,a,,vef/ H”PF +hg0ygm) each (m»a~d)£%2n2rak)
veckor Feld  has ol leas] %(s9)= 2
2000s. We can aw%me S}Vhi[aVDa for ol

oo ~dimonsioval  cphowts. For odd -



Qivvensionad cphore, WS =0, o

s aré(/lvw&ﬂl doos uot wovi. lno@PJ]

the Spheses Sq/ 35, 57 hae favial

‘rovnf?pm[ bumdle (but onliy Hhos) |

lek T(E) demte Spa ce of

schons of o wdor bunde .

Det- A conmechon s & bi linear map
7 T(Tx)x I'(E) > [(E)

Suds ok For Ve T(TX), Ge [(E), e CV(x)

(A> VPVCP = 'PV\ICP

(2) VVFC(’ = QF ¢ + V9.

I E caviies o Pibowwise scalav PWJU& Cle

a pos. do(. Herpmilean Form m +he Cawp@x C’QS()/
we f‘ec[umz addi+1om]

Qvl’) (q),/q/> = h(V\/(P)’q’) * h(wtv\/q/).




£ X s o Riewevmian w)amz{?;(d
*L S 0 {-\acjr %M“HWC 9><15'B i uwlt?ue_
connechon N oy dhe +Uv>0<\h{- loumad (e

Sudn Hrak (3) Vd()S/ ol ne aold;n‘IomM%
howt

(1) VW= V,V = Lv,wl (lie bradet),
Thic is called $ Levi-Gula Comnedion,

Tor Lumchons
@:. X — lK
we. have Sd/zwar2§ Yheorem

Q
éﬁ<i@> = Bx. (9&(?)
with »egpeaL to (ocaf coordanales.

Tor Lumckions with valugs 1n veckor oundles
€. Spch'ong Hhie 18 not Hrue. The
Foiure Cor fns Ho nold Is The corvatowe .




Del. The curvatuwt of & connedio,
Y Is 4he Avlinear {orm

E o FV: T = T(rx)=T (E)— TE)
%\J% bb
FOv,w)g = %W~ Vi WY —“7&,,,”]4?.
Lovma . The cuvabure 1S qclva(/(% o
Homsor, 1€
FGV,W)0 = F(V,#W)® = F(V,W)Pe
= £ F(V,W)Q.

Moreover,
F(v, W)@ =~ Flw,v)9
honce Fe T(NTXQEm(E)).
n pwﬁCMlOIV} we hove Hu Riewaw corsatme

donsr R which is fh curvatwe {ensor
OF We  Levi=Guta Cawmga%‘éw.



m {oeb | R bas the oddifiommd
S@ywmehv'@;
RV, W)Y, 2) == RIV,WZ,Y)
= {R(Y,2)V, W)
omd fhe Giavdi_dogtite,
R, w)Y + RCY,VIW + R(wY)V =0

— Y
E’x’. The curvatuie tensor on N

ROV,w)Y = (v, Y)W = {w,¥)V
Clharacterghic cdlasses

Of course, if o vector lund@ s
tivial | it possesses a flak conreckion,
e. ome wre FZ0. CDVMPJJ?% cunohune
can be ysed tv wmeasure mom«q‘nwa[ﬁg{

of o vector bouwdle .



As seen boefore | e curvature Jomsar
et o Cawn@cﬁ@n can bp Seenw QS

on elemeal of He space
Q' (%, End(E)) = T(ATK®End(E))

of End(E)-valued 2-forms.

Given a local Hivializahon of £,

we can see s qglsp as an mxw
wabix  Of K-velued 2Z-Forms, onoked b@

Qe 0y < Moy (L))

j>_§£ -‘FO‘(" GQG)LCW)? Qa qu fOu(O/ Wl‘HfL
Lie alo()z\ora g€ Martync., (IK) " 0 Folawom{a(
P:g— K
IS G~I~V’V0\n'awi-) i
P(QRAQ') = P(a)
Por all Ge G.



Ex. For G= G LQw, IK), Hen we
hove P =1t dek, and woN 9@1@0:(!3,
P= ooy samme}v‘nc )oofaﬂomfa\ of the
@X%%VQZMPS .

1§ [K=R and G = SOGm) with m eUon, ut
add&#]oha(/&a howe P= PF) Heo PLalfam,
Jock: For G=GLwm) or Olm) the a(gebm

;C* [/;omo%wéous Polamom',als s %enerajmo\
\09 ch(Ak>, ke IN.

For Svd/) A Fp[%wawfal} wé can

FCoym

P(Q) e O.(X,K)
which is a 2k—form If P 1s Lomo-
oaous OF doayte . [ is vdepamt
of he choice of WLVNMU%QHOM) bﬁ
mvariance of P



Lowima . P@) s closed.

Proof. We may  ossume ok
P = tr(Q).
dP@) = tr(d9) = T 4 (cfda )
=k tr (Qk"'ole,:?
Now e Bianchi io\em‘?(’? stoes thak
dQ = Qawr — wald,

whiet  with respect 4o Hhe local +avializglo,
used do b Q) w e 2'(x,9) s

%NM b%
VVCP = dy¥ + o (V)Y
Now ]
b (9749) = te (e - Q hwal)

= tr ([@f, 1)
=0 L—j



Hen ce FP(Q) O’QIP‘IIMOJ o class
de - Rhowmn Coldomalag)t).
For o wmae -p-'Y"’X/ we con
constuct He pullbock  Gudle F1E
O \1/7 md o comechiom Y on E
induces o commechion £¥T  on .P*E.
We can ol PuU!oaclt Jrv;v}a(isajh'ous) il
in s sense, wr bowe fle Poomela
IS AR ea 6 )
This 3mpf/{@5
P(a*0) = £1P(Q)
indepenoPenHa of oy tovialisahia,
From Huig Pvaow
Thm. P(227 is v fhdk independent
Crom Hhe commedion uxd +o dffire it



M‘ LE)_ Vo)v? )OQ "JW‘D CUWW@CHO”S_
Lift kg vectr undle E 4o X xR,
omd  consides +e coympechon

= (1-5)V sV
on this undle. Then

/P(—Qd)—b P(Q) §=0,1
bor X — X xR \o@w% Ha Inclusiate
ak g Smce Uy, by 08 romATpIC,
Ha classes ¢ P(Q) * P(s) lofine
thy same  closs iu oPe~Rl/mw
CDW)WO‘&%UJI 0



M'@?CA) = det <I {'27“ >
= @L(vv), C)/ Tor COWPUX vechor bvwdles
Those are called the Qneon classes

c(e)=4+ ¢ (E)+ c,(E) +...
where

cE) e (X,
) The Podrjoomn classes ore deaved

from s, TW@ ore decived For o
[reodl pund @ W b%

pe (W) = ¢, (We ) e ().
Note +hat %emem{ we o

Ck (E) = (1) CKCE?
WW s the Comp(ﬂx COM()USO\}Q
bund . Hepyce, ectuse for a




real  lbandis \A) we  have

WeC \/\/®<E
hence all ovo\o! Chem c(asseg VamS‘/)

cp(we ) =— o (We) =-¢Waeq
(3) For on orignted vead vector bumdl,
e Eulec cass 15

Eul(w) = pf(aD.
W) The Chem characte s defned

°t

ch(E) = +r exp (3%
k
= go“,,; be( (5% >

Note Hhat flis (s i foek ovly
a Cm}Le Sum,



(5) The //L\\—-CJC7§§ ['5.

o
A (W) = de}”z( v j

Siwh(%
This is weant as Collows. The even
‘QWHCHOW o
L(x) = m>

safis fies f) =4, hence s o
uwiqw( pven ama(JOHc SﬁuolremowL

R 2k
9)&7-*—/( + Z%k X
=1
noar oo - We thew sek
00 e
AGW) = 0‘9*(1 * 20 (z;r))

e O,



Exaszlzs.
(1) On sphees, al 'Ppm‘f\jaaih closse s

@)

\/amisb as Jrloeé are Stavle,

PR<W> = pelweR")
where ”? donotes P humﬁ oumadls .
As spness one eymloedded V)\»)per»
sucfaces, one hag

TS @R £ R
For Y Euwler c\aSS/ one has

Ea((") =0 JEE) =2

Note $hak hore, we yoed o
oose an omentation i eovier to

have Hse  forms  abned.



(3) Afker CVU05;m3 an orenthoy om d
D 32/ dhere 15 a uvn‘ﬁue Com plex
ductre J defined b% smd;'w&
Jv=w, 3ws~v/ £ (vw) is
a ij}ﬁue% ovienied orthororma
basié, Cbnﬁawf;w% TS as o comflax
bundle Pais way ) we hont

SC4<TSZJ> = 4 (1 H/fm&)
SL
[N %w@ral) o complex vector bumd(e
E of covwro(fzx ddmengon k con kb
seew as o wal ovienkd bumolle vie

Hu Camplex shucture ovid n this
s, we haye

c (E) = Eul(E).



Chern  and  Poutrjogm chsses ar
mulBplicakrve T e sense fhak

c(EeF) = c(BE)ac(F)
p(E@F) = p(E)ap(F).

e
_I:_l’_"’_”' S CGWWML Carrg) 0 caynp&x
Stuctone .

E@? . Accume e conmverse. Then
TM;}@_}T’I TM® C

vie 4
(v, W) v ®1- N0

112

J

"'_\J'%(\N@’l*ﬂwébé)
Howce
0= c(TMe €) = c(TM)cGHy).



= </( + czk(TMJ)> (/1+ Cop, (THJ))
= 4 + 2cp (TMy)

= 4 + 9 Eul(TM).
Heonce

0 =2{ EdCrH) = b
SL“‘
A Contrad ichon.



