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Recipe to define SWK , 51
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This recipe Is quite similar to

Donaldson invariant & Gromou - Witten in
.
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§2=Applications

• Obstruction to connected sum decomposition

X :
oriented closed smooth 4- mfd

.
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t.tt Tumbes showed that if X is a

sympleitic 4- mtd
,
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• Distinguish 4- mfds

If X ,
& Xz are simply connected

,

Freedman's thin shows That
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• Obstruction to a positive scalar curvature

metric

X : a smooth mtd

of : a Riem
.

metric on X

- sg : X→ R : The scalar curvature
.
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Other applications
-

:

G) Genus bound problem

Imre( Kronheima - Mwwka)

TE↳ ¢p2 w/ [z] = deep ' ] ( de 748 })

⇒ gtdy Edt '
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 to intersection forms
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• Alternative proof of
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X = ¢p2

E ↳ Citi w/ [Z]=d[eP ' ] (d > 0 )
,

⇒ gegy AMI ( Them conjecture)
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.
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• 10/8 - inef .

if X is simply connected .

-
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§ISW equations

X : an oriented closed smooth 4- nfd

w/ a Riemannian metric

5 - (P , 4) : a spin Str
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AH = A = {0al - connections of dfyte}
eel = E ÷ Ax MSY
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Levi - Civtta conn ( → locally so it , -
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t forms)(Ada : ua - valued a - forms
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. Cliford multiplication
.

It's a map Txxst
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{ W equations.

For (A
>E) e C

,

PCFIY
- r (E)

{ * ⇒
.

'
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(
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,

This as a won - linear equation :

r (B) : won - linear

{ $a + at =rattail
non - linear .
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0 (E)
Fact
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|(so we write Fat for CCFAH
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The solutionsto theswef is the

zero set of

sw : E → D= irta HST
.
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,
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• Action of  the gauge group

G := Map ( X. VH )
.

GAE ; ufa , E) :=(A - zntdu
,

ni E)
4

Th (APL )

GAD ; u.cm , E) it ( a ,
a E)

* E)



Lee
.

( gw : E → D is G- equivalent .

~ , G AsWto )
.

Det
.

| M ÷ swkoyg is called themodulispaa
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§I Properties of M
.

B ÷ 4g .

I , GA E free ?

→ No !

Lee
.

A- ,
I ) e C

.

( Emerged
- a

pet
.

( fagsthe
.

?is called irreducible

C* ÷ E\A×{0 }
,

B* := CYG
.
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.

( After suitable foboler completion

(f E & G)P* is Hausdort &

a Hilbert manifold

E
is - dim .

analogy of :

Record ( local slice theorem )
G : a ope Lie group

M : a ( fin .

dim
.) mfd¥M : & #

angora & a Hilbert mtd
'

⇒ MIG is H

Need :

@

|¥z|M
#is uptt

H¥\"
local slice

"

un÷¥ht
Ma .
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§÷EII¥sn%ne*¥#B*n

weaken

EedGwl←⇒
:Take

' To ,D±D

is swjeutiue for 4 (A , E) ESWTO )
.

Then dw To ) is a mfd ( a - dim )
.£will get rid of

.

'

[
T.hn?afhiLmuionthm

,

this assumption by

perturbing the Sweet
we need Sobolw
completion.



By restricting the local slice
,

we get

a local slice for SWYO) :

⇐q*e.u÷te#swine

Li¥7B*
n

⇒ M is
also a

mtd 1
.

In fact M is a finite dim
.

nfd
.



• linearization of the SW of .
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i. Tea
, ⇒ M is the middle cohomology of

dGA⇒ ddw

is - it a HH - it # PGT . " @
d

"

f c- (Zdf
,

Oth ) µ
( a ,4) - (dta + Oth

,

Daft Oth )
.

If ( A ,§) e SWIM
, @ is a complex .

[0swtco ) is G- in
. ]

@ is The elliptic complex !

Q The leadingterms are the direct sum of

( &q#FEET; ; )



The dim
.

of the middle cohomology is therefore

calculated from the index them :

dC5Ii-ty@tsi-2xa-3q.d)
is the dimension

.

5k$ - 50

( called the formal dim .)

{
Comment :

ind ( r
' *td±

, tasty
= -

to
- bit bt )

is computed only by Hodge Theory
.

iwdkl'M # TGT)
=f×ACq^e±45

'

= 5×(1 - tztplxl) ( t£49 +£41512)



=
- f. ET

'
+ tgaei

= - I sign # +
'guest .

Summarized :

Prof
If dSW(a ,q,

is swj ( CA
, E) e SWTO))

,

| then dimly ⇒ M = dtbl
.



The
.

(

Witten
)

( M is opt .

Wettzenbock formula

Prop

In orientation of HYXIRIAHTKIR)

|determines an orientation of M
.

t want
.

A nowhere vanishing section of

R → At TM

t
gparamerized

N . by B*
.

det ( linearization of the §W of & gauge)
-

= deterDoxdettokul))
.



§I .
Definition of  the SW invariant

.

X : an on .

closed 4 - mfd

w/ a kiem .

metric of .

5 : a spin Str .
on X

.

Ftx an oil .

of H
'

Ki Mai Htkikl
.

at
~ , §w : q→ D

e*

gh⇐ swtoyg

B.ee/gseYg=:B*
.

Assume :

d Swan is smj CA
, § ) ESWTO))

,

&{mcB*
.



Then M is an
oriented opt mfd

of dim all5) = ¥ ( a est - ZXKI - 3 signAD
.

Case of dts) < 0 .

=

Then M =p
.

Define SWCX , 51 := 0 e Z
.

cnet.de#

Define { WK , 5) := # M

= ( 1
, END

.

For the case uhen del > 0
,

we use some cohomology dais on B*
.



Fix x. e X
.

Go :{ ue

Glued

=D

a - go a G - T → 1
.

I → EYG
.

a ¢→L

t 1

B* B*

Leaflet :

If del = - zd I ⇒ d > 01
,

fwd , 5) :'-(a (e)
d

,
[M ] ) e z

.

If del is odd
,

{ waist ÷ 0
.



The
.

It btw 71
,

we can

"perturb
"

the { W eg to satisfy Assumption @
,ftp.ebay.n.iiYIYEI.in

lose the
" perturbed moduli space

"

instead of M )

IIHF .

Metal :={ Rian
.

metrics on X }

IN := 1-1 ftglx ) :
the space of

ge Meta perturbations .

at
Meta

Take me IN )
,

set g ÷ ten )
.



(A
, E) E C = Cg

.

{Fat
= red+ in

,

Basf =o

the perturbed swef .

Det
.

LA ,
E

,
M ) is in

| ⇒ q¥o
.

a .

uhen ⇒ red
.

sod ?

A ,
k

,
M ) : red set

.

⇒ f 'j= in .



Fix A. e A
.

Then ,
A = Aota ( ⇒

ae it )
.

Fat = in ⇐

dtat
Fate = in .

i. iµE
ImdttFAT

.
⇒ red

.

sel
.

t called thewall

Lemrt
= Imdt a Ht

,
dimldt = bt

.( Tp
.

harmonic 2- forms
.

i. zmdt is of co dim bt !



wall

⇒I
iEH±¥

"

So
,

if 6+71
,

we can take M E ITK)

avoiding The wall .

If 517 2
,

two me , µ ,
c- THY\ wall

( can be connected by a path in

TKNWND
#wall¥6



For me TICX)
,

set of = Ital and

swm : Eg - Dg

(
AYE

) a ( Eat- rah - in , Ha I )
.

G A IN : trivially

mµ : = SWNTOYY
.

If 5171
, by taking Me TIKH wall

,

we get Mm c B*
.

( Half of Assumption@)



Led
.

Fix of e Meta
.

consider a.

dsieawTmdIehfEinini.Then@wgkap.m

is swj at

my ftp.iyesw~gttl .

So TWIG) is a ( a - dim) mfd
.

3ft TIM

{ WIN - By and 's thm
,

an

.fi#nfI!Msoragennnne.xi

.

→
swi

'
co ) is a mfd

.

p



Combine The consideration about

valuables !

no If bty 1
,

for a

"

generic
"

me IAN wall
,

Assumption @ is satisfied for the

perturbed SW of wet
.

M .



Invariance

Assume bty 2
.

Take generic me , µ , C- IH ) \ wall
.

Take a generic path 8 from a .
to µ ,

in ICXN wall
.

1µg
wall

ei*¥t
2 induces a

wbordism from Mno to Mars :

#mm.{×€⇐. } mm

-
.

[ oil ]



Stokes 's them

⇒ # Mm .

= # Mm ,


